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Abstract. We generalise the theory of Cuntz-Krieger families and graph al- 
gebras to the class of finitely aligned fc-graphs. This class contains in par- 
i ticular all row-finite fc-graphs. The Cuntz-Krieger relations for non-row-finite 

^v^j ' fc-graphs look significantly different from the usual ones, and this substantially 

complicates the analysis of the graph algebra. We prove a gauge-invariant 
uniqueness theorem and a Cuntz-Krieger uniqueness theorem for the C- 
■ algebras of finitely aligned fc-graphs. 
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1. Introduction 



It has been known for many years that the Cuntz-Krieger algebras of (0,1)- 
matrices jH) can be viewed as the C*-algebras of directed graphs 4 . More recently, 
the construction has been extended to cover infinite directed graphs jl()l E] and 
J> ' higher-rank analogues, known as fc-graphs The resulting classes of graph al- 

gebras contain many interesting examples, and have in particular provided a rich 
supply of models for the classification theory of simple purely infinite nuclear C*~ 
. algebras [T5] . 

' Graph algebras have now been associated to all infinite graphs, and an elegant 

£f) , structure theory relates the behaviour of loops in a graph to the properties of its 

' graph algebra. For fc-graphs, the current state of affairs is less satisfactory. The 

object of this paper is to associate graph algebras to a wide class of infinite fc- 
graphs, and to prove versions of the gauge- invariant uniqueness theorem and the 
Cuntz-Krieger uniqueness theorem for these graph algebras. 

Before describing our approach, we recall how the theory of graph algebras de- 
veloped. A directed graph E consists of a countable vertex set E , a countable edge 
set E 1 , and range and source maps r, s : E 1 — > E° . When each vertex receives at 
most finitely many edges (E is row-finite) the graph algebra C*(E) is the universal 
C*-algebra generated by mutually orthogonal projections {p v : v £ E } and partial 
isometries {s e : e € E 1 } satisfying s*s e = p s i e ) for all e € E 1 and 

(1.1) p v = s e s* whenr _1 (w) is non-empty. 

r(e)—v 

When r _1 (u) is infinite, the sum on the right-hand side of l|l.l|) cannot converge in a 
C*-algebra, and hence the relation must be adjusted. The appropriate adjustment 
was suggested by the analysis of the Toeplitz algebras of Hilbert bimodules in [Jj : 
impose relation (|l.lfl only where r _1 (w) is finite, and add the requirement that the 
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s e have orthogonal range projections dominated by p r ( e ) (which in the row-finite 
case follows from p.ljl ). The resulting family of graph algebras was studied in [Hj. 
That these are the appropriate relations was confirmed when other authors with 
different points of view arrived at the same conclusion [111 114) . 

The first work on higher-rank graphs concerned row-finite fc-graphs without 
sources 9 . For directed graphs (that is, when k — 1), there is a constructive 
procedure for extending results to graphs with sources Lemma 1.2]. However 
when k > 1, there are many different kinds of sources, and there is as yet no anal- 
ogous procedure for dealing with them. In we considered a class of row- finite 
fc-graphs which may have sources provided a local convexity condition is satisfied. 
In |12|. Raeburn and Sims studied infinite fc-graphs by viewing them as product 
systems of graphs, as in [H], and applying the techniques of 5 to the Toeplitz al- 
gebras of the associated product system of Hilbcrt bimodules. The analysis in [T2*] 
led to two conclusions. First, it identified an extra Cuntz-Krieger relation which 
is automatic for row-finite fc-graphs, but is not in general. This extra relation is 
needed to ensure that the algebras generated by Cuntz-Krieger families are spanned 
by partial isometries of the usual form. Unfortunately, the new relation can involve 
infinite sums of projections (see |12l Remark 7.2]); the second conclusion of [T2*] 
was that we should restrict attention to the finitely aligned fc-graphs for which the 
new relation is C*-algebraic rather than spatial. 

In this paper we introduce Cuntz-Krieger relations which are appropriate for 
arbitrary finitely aligned fc-graphs. We do not assume that our fc-graphs are locally 
convex or row-finite, and we do allow them to have sources. When k = 1 or 
the fc-graph is row-finite and locally convex, our new Cuntz-Krieger relations are 
equivalent to the usual ones. We show that for every finitely aligned fc-graph A, 
there is a family of nonzero partial isometries which satisfies the new relations, 
and we define C*(A) to be the universal C*-algebra generated by such a family. 
We then prove versions of the gauge-invariant uniqueness theorem and the Cuntz- 
Krieger uniqueness theorem for C* (A) . Our analysis is elementary in the sense that 
we do not use groupoids, partial actions or Hilbert bimodules, though we cheerfully 
acknowledge that we have gained insight from the models these theories provide. 

The results in this paper extend the existing theory of graph algebras in several 
directions. Since 1-graphs are always finitely aligned, and our new relations are 
then equivalent to the usual ones (Proposition^^) , our approach provides the first 
elementary analysis of the C*-algebra of an arbitrary directed graph. Our results 
are also new for finitely aligned fc-graphs without sources; those interested primarily 
in this situation may mentally replace all the symbols A— n by A™, and thereby avoid 
several technical complications. Even for row-finite fc-graphs we make significant 
improvements on the existing theory: for non-locally-convex row-finite fc-graphs, 
our Cuntz-Krieger families may have every vertex projection nonzero, unlike those 
in (see Example I A. 



In Section [21 we describe our new Cuntz-Krieger relations for a finitely aligned 
fc-graph A, define C*(A) to be the universal C*-algebra generated by a Cuntz- 
Krieger family, and investigate some of its basic properties. We discuss a notion of 
boundary paths which we use to construct a Cuntz-Krieger family in which every 
vertex projection is nonzero. 
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The core in C*(A) is the fixed-point algebra C*(A) 7 for the gauge action 7 of 
T fc . In SectionOHwe show that the core is AF, and deduce that a homomorphism it 
of C*(A) which is nonzero at each vertex projection is injective on the core. 

Our proof that C*(A) 7 is AF is quite different from the argument which we gave 
for row-finite fc-graphs in ^31 m that we do not describe C*(A) 7 as a direct limit 
over N k . Instead, we describe C*(A) 7 as the increasing union of finite-dimensional 
algebras indexed by finite sets of paths, and produce families of matrix units which 
span these algebras. In addition to showing that C*(A) is AF, this formulation 
is a key ingredient in our proof of the Cuntz-Krieger uniqueness theorem. The 
uniqueness theorems themselves are proved in Section^ 

We conclude with three appendices in which we discuss various aspects of our new 
Cuntz-Krieger relations. In Appendix^we explain our motivation for introducing 
these new and apparently substantially different relations; we describe examples 
illustrating the other possibilities we considered, and their failings. In Appendix FBI 
we show that for ordinary directed graphs (that is, for k = 1) and for locally convex 
row-finite fc-graphs, our new Cuntz-Krieger relations are equivalent to the usual 
ones. Appendix IH1 gives an equivalent formulation of our Cuntz-Krieger relations 
using only the edges in the 1-skeleton of the fc-graph. 

2. fc-GRAPHS AND CUNTZ-KRIEGER FAMILIES 

We regard N k as a semigroup with identity 0. For 1 < i < fc, we write e% for the 
i th generator of N k , and for n £ N k we write n, for the i th coordinate of n. We use 
< for the partial order on N k given by m < n if mi < Ui for all i. The expression 
m < n means m < n and m ^ n, and does not necessarily indicate that rrii < Ui 
for all i. For m,n £ N k , we write m V n for their coordinate-wise maximum and 
m A n for their coordinate-wise minimum. 

A k- graph is a pair (A, d) consisting of a countable small category A and a degree 
functor d : A — ► N fe which satisfy the factorisation property: for every A 6 A and 
m, n £ N fc with d(X) = m + n there exist unique (i,(T e A such that d(fi) = m, 
d(o~) = n and A = fia. 

Since we are regarding A as a type of graph, we refer to the morphisms of A as 
paths and to the objects of A as vertices, and write s and r for the domain and 
codomain maps. For a thorough introduction to the structure of fc-graphs, see 
Section 2]. 

Notation 2.1. We use lower-case Greek letters to denote paths in fc-graphs. How- 
ever, we reserve 5 for the Kronecker delta, and 7 for the gauge action (see Section|3J. 

Given fc-graphs (A, d\) and (r,dr), a graph morphism from A to T is a functor 
x : A -> T such that d T (x(X)) = d A (A) for all A e A. For n E N k , A" is the 
collection of all paths of degree n; that is 

A n :={XeA:d(X)=n}. 

The factorisation property ensures that associated to each vertex v £ Obj(A) 
there is a unique element of A whose range (and hence source) is v; we call this 
morphism v as well, identifying Obj(A) with A . For E C A and A £ A, we define 

XE := {Xfi : /1 £ E,r(fi) = s(A)}, and 
EX := {^A : fi £ E, s(n) = r(A)}. 
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Hence, for v G A and E C A, vE = G E : r(fi) = v} and Ev = {[i G E : s(/i) = 
v}. 

For n £ N', we define 

A^" := {A G A : d(A) < n, and d(A); < => s(A)A e * = 0}. 

For A £ A and m < n < d(A), the factorisation property gives unique paths 
A' G A"\ A" G A"-" 1 and A'" e A d ( A '-™ such that A = A' A" A"'. We denote A" by 
A(m, n), so A' = A(0, m) and A'" = A(n, d(X)). More generally, for all m < n G N fe , 
A(m, n) := A(m A d(X),n A d(A)). 

Definition 2.2. For A,/x G A, we write 

A min (A, ^) := {(a, /3) : Aa = d(Aar) = d(A) V d(p)} 

for the collection of pairs which give minimal common extensions of A and /i. We 
say that A is finitely aligned if A mm (A, fi) is finite (possibly empty) for all A, fi G A. 

Remark 2.3. For A,/x G A, the map (a,/?) i— > Aa is a bijection between A mm (A, //) 
and the set MCE(A,/i) defined in |12l Definition 5.3]. Hence our definition of a 
finitely aligned fc-graph agrees with that of |12| . 

Definition 2.4. Let (A, d) be a fc-graph, let v £ A° and E C uA. We say that E 
is exhaustive if for every ^ G dA there exists A G E such that A mm (A, fj,) ^ 0. 

Definition 2.5. Let (A, d) be a finitely aligned fc-graph. A Cuntz-Krieger A-family 
is a collection {t\ : A G A} of partial isometries in a C*-algebra satisfying 

(i) {t v : v G A } is a collection of mutually orthogonal projections; 

(ii) t\t^ = txfj, whenever s(A) = r(jj,); 

(iii) <*t M = E( Q: /3)eA".in(A, M ) for all X,fi G A; and 

(i y ) llAe£;(^ 1 ' — ^A^a) = for all v G A and finite exhaustive E C vA. 

Remark 2.6. A number of aspects of these Cuntz-Krieger relations are worth com- 
menting on: 

• As seen in ^2]) the restriction to finitely aligned fc-graphs is necessary for 
the sum in relation (iii) to make sense. 

• Relation (iii) implies that t* x t\ — t s t\), and that t* x t^ = if A mm (A,/i) = 0. 

• Relations (iii) and (iv) have been significantly changed from their usual 
form (see [3 Section 1] and ^| Definition 3.3]), and we feel they require 
explanation. The short explanation is that they are the right relations for 
generating tractable Cuntz-Krieger algebras for which a homomorphism is 
injective on the core if and only if it is nonzero at each vertex projection 
(Theorem 13. 111 . A much more detailed explanation is contained in Appen- 
dix m 

• In Appendix [5] we prove that for 1-graphs and for locally convex row- finite 
fc-graphs, our relations are equivalent to those set forth in [H] and [T3*] 
respectively. 

• Previous treatments of fc-graph C*-algebras have shown that the Cuntz- 
Krieger relations can be formulated in terms of the 1-skeleton of A; that is 
in terms of vertices and paths of degree ej. We show in Appendix ICl that 
the same is true for our relations. 

Given a finitely aligned fc-graph (A,d), there exists a C*-algebra C* (A) generated 
by a Cuntz-Krieger A-family {s\ : A G A} which is universal in the following sense: 
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given a Cuntz-Krieger A-family {t x : A G A}, there exists a unique homomorphism 
7Tt of C*(A) such that ir t (s\) = t\ for all A 6 A. 

The following lemma sets forth some useful consequences of Definition I2.5[ il- 
(hi). 

Lemma 2.7. Let (A, d) be a finitely aligned k-graph and let {t\ : A G A} be a 
family of partial isometries satisfying Definition \2.5V i)-(iii). Then 

(i) t\t\tn% = E(a,0)eA™(A, M ) t Aa i L f or al1 A, ^ G A. In particular, {t x t\ : 
A G A} is a family of commuting projections. 

(ii) For A,/i G A-™, we have t'^t^ — <5a,^£ s (a)- 

(iii) If E C vA- n is finite, then t v > ~}2 XeE t x t* x . 

(iv) C*({t x : A G A}) = span{^^ : A,/i G A} = span{iA^ :A,/i£ A, s(A) = 
S (M)}- 

Proof. Part (i) is obtained by multiplying both sides of the equation in Defini- 
tion I^Jiii) on the left by t x and on the right by t* . 

For (ii), suppose that t^t^ ^ 0. Then Definition 12 . 5f iii) ensures that there exists 
(a, (3) G A min (A,p), so Xa = [ifi and d(Xa) < n. Since A,p G A- n , it follows that 
a = = s(A), so A = fx. 

For (iii), note that if A, \i G E and A =/= /i, then txt^t^t* = by (ii), and 
tvt\t x = t\t* x for all A G by Definition 12. 5f ii). 

For part (iv), note that span{i A ^ : X,fi G A} is clearly closed under adjoints 
and contains {t x : A G A}. Furthermore, spanjiA : A G A} is closed under mul- 
tiplication by Definition I2.5f iii). To see that FpEn{t x t*^ : A,/i G A} = spanjiA^ : 
A,/i G A,s(A) = s(/i)}, note that if s(A) ^ s(/x) then = t x t sW t* s ^t* = by 
Definition E^i). □ 

We define our prototypical Cuntz-Krieger A-family using a boundary-path space 
associated to A. For m G (NU{oo}) fe , recall from Examples 2.2(h)] the definition 
of the fc-graph f2fc. m : 

Obi({l k , m ) = {peN k :p<m}, 
Hom(ft fe!m ) = {(p, q) G Obj(ft fe!m ) x Obj(f7 fcim ) : p < q}, 
r(p,q)=P, s(p,q) = q, d(p,q) = q-p. 

If x : £ik,m — > A is a graph morphism and A G A with s(A) = x(0), then there 
is a unique graph morphism Xx : £lk.m+d(X) ~* A such that (Ax)(0, d(A)) = A, 
and (Xx)(d(X), n) = x(0,n — d(X)) for all n > d(X). If x : flk, m — > A is a graph 
morphism and n G N fc with n < m, then there is a unique graph morphism x(n, m) : 
^fc.m-n - * A such that {x(n, m)) (0, 1) — x(n, n + 1) for all ! 6 N*. Notice that these 
two constructions are inverse in the sense that (Xx) (d(X), d(Xx)j and x(0, n)x(n, m) 
are both equal to x. 

Definition 2.8. Let (A,d) be a A:-graph, let m G (NU{oo}) fe , and let x : f2fc, m — » A 
be a graph morphism. We call a; a boundary path if there exists n x G N fc such that 
n x < m and 

(2.1) n G N fe , n x < n < m and = m, imply that x(n)A ei = 0. 

We extend the range and degree maps to boundary paths x : Qk,m — * A by setting 
r(x) :— x(0) and d(x) := m. We write A-°° for the collection of all boundary paths 
of A, and vA^°° for {x G A^°° : r(x) = v}. 
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Remark 2.9. If A has no sources, then the boundary path space A-°° is the usual 
infinite path space A 00 of [HI Definitions 2.1] consisting of all graph morphisms 

•E ■ ^fc,(oc,...,oo) * A.. 

Lemma 2.10. Let (A, d) be a k-graph, and let x G A-°°. 

(i) If X G A with s(A) = r{x), then \x G A^°°. 

(ii) Ifn G N k with n < d{x), then x(n,d(x)) G A-°°. 

Proof. We need only show that there exist n\ x and n x t n ^( x )) satisfying i|2.1[l . This 
works with ri\ x := n x + d(X) and n x / n M x )) :— (n x — n) V 0. □ 

Lemma 2.11. Let (A,d) be a k-graph. Then uA-°° is nonempty for all v G A . 

Proof. For i 6 N write [i] for the element of {1, . . . , k} which is congruent to i (mod 
k). Fix v G A . Construct a sequence of paths with range v as follows: Aq := v, 
and given Aj_i, 

Xi := Xi-\v for some v G s(Ai_i)A- 6[i] ; 

so at the i th step, we append a segment of degree eui if possible, and append nothing 
otherwise. 

Define m := lim^oo d(Xi) G (NU{co}) fe . Then there is a unique graph morphism 
x : flk,m —* A such that a;(0, d(A,)) = Ai for all i £ N. To show that a; is a boundary 
path, we need only produce n x G N k with n x < m which satisfies (12.1(1 . 

For each j G {1, . . . , k} such that s(Xi-i)A ej — for some i, let 

i(j) := min{« G N : [i] = j and s(A. i _i)A e3 = 0}. 

Let I := max{i(j) : nij < co}, and let n x := d(Xi). 

Suppose that n G N fe with n x < n < m, and that rtj = mj. Then nij < oo 
so is defined and / > i(J) by definition. Since n > n x — d(Xi), it follows 
that n > d(X^j- ) _i). But s(A i ( :) )_ 1 )A ej = 0, which implies x{n)A ej = by the 
factorisation property. □ 



Proposition 2.12. Let (A, d) be a finitely aligned k-graph. For X G A. define 

o\e x := < 



£/s(A) = r(x) 
otherwise. 



Then {S\ : A G A} is a Cuntz-Krieger K-family called the boundary-path represen- 
tation. Furthermore, every S v is nonzero. 

Proof. It follows from Lemma \'2. Ill that each S v is nonzero. 

A simple calculation using inner products in £ 2 (A-°°) shows that 



We need to check (i)-(iv) of Definition 12.51 



e x (d(x),d(x)) if x(0, d(X)) = X 
otherwise. 



Relation (i) holds since S v is the projection onto spanje^ : x G uA-°°}. 

Checking (ii) amounts to showing that the boundary path X([ix) is equal to 
the boundary path (A/i)x. This follows from associativity of composition in the 
category A. 

Relation (iii) follows from a simple calculation involving inner products (see |12l 
Example 7.4]). 
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To check that (iv) holds, let E C vA be finite and exhaustive and let x G vA-°°. 
It suffices to show that YlxeE^v ~ S\Sl)e x — 0. Let 

N -= (Vage^A)) Vn x ; 

in particular, N > n x so (|2. 1|) implies x(N)A ej — whenever < oo. Since E 
is exhaustive, there exists \ x <E E such that A min (x(0, N), X x ) ^ 0; let (a,(3) G 
A min (x(0, -/V), X x ). We claim that a = x(N). Suppose for contradiction d(a)i > 
for some i. Then d(x(0, N))i < d(X x )i. But Ni > d(A x )i by definition, and hence 
we must have d(x)i < Ni, so < oo. Hence x(N)A ei — contradicting <i(ct)i > 0. 
This establishes the claim, giving x(0, N) = X x (5, and hence x(0, d(X x )) = X x . But 
then 

'H(S v -SxSZ)\e*=( [] (S v -S x S* x )\(S v -Sx x Sl)e x = 

AG-E ' ^Ae_B\{A x } ' 

because S^e^ = e x = S\ m e x . □ 

3. Analysis of the core 

Given a finitely aligned fc-graph (A, d), there is a strongly continuous gauge action 
7 : T k -> Aut(C*(A)) determined by 7 z (s A ) = z d(A) s A where z m = z™ 1 • • • z™ fc € T. 
The fixed-point algebra C*(A) 7 is equal to span{s A s* : d(X) — d(fi)} and is called 
the core of C*(A). 

Theorem 3.1. Let (A, d) &e a finitely aligned k-graph. Then C*(A) 7 is ^4F. J/ 
{^a : A G A} is a Cuntz-Krieger A-family with t v ^ for all v G A , i/ien t/ie 
homomorphism 7r t o/C*(A) swc/i i/iai 7rt(s A ) = £a *s injective on C*(A) 7 . 

The remainder of this section is devoted to proving Theorem 13. II We therefore 
fix a finitely aligned fc-graph (A, d) and a Cuntz-Krieger A-family {t\ : X G A}. We 
also fix a finite set E C A. We want to identify a finite set HE containing E such 
that span{s A s* : A, /i G n_B, d(A) = is closed under multiplication, and hence 

is a finite-dimensional subalgebra of C*(A) 7 . The next Lemma implies that such 
sets exist. 

Lemma 3.2. There exists a finite set F C A which contains E and satisfies 
A, fi, a, t G F, d(X) = d(u), d(a) = dOr), s(A) = s(u) 

(3.1) 

and s(a) = s(r) imply {Aa, r/3 : (a, /?) G A mm (>, cr)} C F. 

Moreover, for any finite F which contains E and satisfies l|3.1|l , 

Mp := span{t A *p : A, /x G F, d{X) = dip)} 

is a finite- dimensional C* -subalgebra of C*({t\t^ : (i(A) = g?(/i)}). 

Before proving Lemma T3. 21 we recall from |121 Definition 8.3] that for F C A, 

MCE(F) := {A G A : d(A) = \J aeF d(a) and A(0, d(a)) = a for all a G F}, 

and that VF := [J GcF MCE(G). Lemma 8.4 of [T2] shows that VF contains F, is 
finite whenever F is, and is closed under taking minimal common extensions. 

Proof of Lemma XSlh To begin with, notice that (|3.1|) is equivalent to: 

X,fi,a G F, d(A) = a (A) = s(fi), and (a, /3) G A mm (/i, <r) imply Aa G F. 



8 



IAIN RAEBURN, AIDAN SIMS, AND TRENT YEEND 



Let N := V \ e e d ( X )- Lct := E, and let 

Ex :={Ai(0,d(Ai))A 3 (d(A 1 ),d(Aa))---A i (d(A J -_ 1 ),d(A i )):A / 6VEb, 
d(A;) <d(A m ),s(AO=r(Az+i(d(A i ),d(A m ))) for l<l<j}. 

The set Ex is finite because \/Eo is finite. Furthermore Ex contains E — Eq by 
definition. Suppose that AsSj. Then d(A) = d(Xj) for some Xj G V^o, so d(A) < 
N. If A,/i,(T e E with d(A) = d(/x) and s(A) = s(/i), and if (a,/3) € A min (^,cr), 
then \, fia G V-Eo and hence Xa G 

Iteratively construct sets Ei C A, i > 2 by 

:= {Ai(0,d(Ai)) ■ ■•A i (d(Aj_ 1 ),d(A J -)) : A, G V^_i, 

d(A,) < d(A m ), s(A0 - r(A,+i(d(A,), d(A, +1 ))) for 1 < I < j}. 

We claim that for all i > 2, 

(a) i?i is finite; 

(b) Ei_x C Ef, 

(c) d(A) < TV for all X £ E t ; 

(d) if X,fi, a G satisfy d(A) = d(/x), a (A) = s(^), and if (a,/3) G A nlio (/j, a), 
then Xa £ Ef, and 

(e) If 7^ Ei, then minxeE^E^t |d(A)| > min Jll6Ei _ 1 \ Bi _ 2 |d(/z)|. 

Once we have established (a)-(e), conditions (b), (c) and (e) combine to ensure 
that E\ N \ + x = E\ N \. With F := E\ N \, it then follows that E C F by (b), F is finite 
by (a), and F satisfies (|3.1f) by (d). 

Let h > 1 and suppose that (a)-(d) hold for i = h. We will show that (a)-(d) 
hold for i = h + 1. Since we have already established (a)-(d) for i = 1, (a)-(d) will 
then follow for all z > 1 by induction. We have Eh+x finite because A is finitely 
aligned and Eh is finite, giving (a). The inclusion Eh C VEh C Eh+x gives (b). 
If A G Eh+x, then d(A) = d(Aj) for some Xj G VEh, so d(A) < N by definition 
of V-E/j, and (c) for i = h. Now suppose that A, /u, a and (ct,p) are as in (d) for 
i = h + 1. Then /Lta G VEh, and Aa = A(0, d(A))(/xa)(d(/z), d(fj,a)) G Eh+x, giving 
(d) for i = h + I. 

To establish (e), suppose that i > 2 and A G \ -Ei-i- Then 

A = A 1 (0,d(A 1 ))---A J (d(A J _i),d(A i )) 

where each A; G Vi?j_i. If every A/ G Ej-i, then each A/ may be written as 

A; = A,,i(0, d{\x)) ■ ■ ■ X lM {d(Xi M -x),d{\ hl )) 

where each A; iTO G VEi—2, and then 

A = Ai^O, d(A 1)1 ))A li2 (d(A 1 , 1 ) ! d(A!, 2 )) • • • X j<hj (d(X jthj -x),d(X jthj )) 

belongs to Ej,_x contradicting A G E.- L \ E^x- Hence there must be some I such 
that A; G (V-E,-_i) \ Ei-x- By definition of V-Ej-i, there exists G C such that 
A; G MCE(G). Furthermore, d(Aj) > d(a) for all er G G, for if not we have A; G G C 
Ej_i. If G G Ei_ 2 , then A; G E^x, so there exists a G (G \ £i_ 2 ) C \ £i_ 2 ). 

Hence |d(A)| > |d(A;)| > \d(a)\ > min^ e .E 4 _ 1 \E i _ 2 \d(fi)\, proving the claim. 

Now suppose that F is any finite set containing E and satisfying (|3 . 1|> . Then M F 
is a finite-dimensional subspace of G*(A) 7 which is closed under taking adjoints. 
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Hence we need only check that M^ E is closed under multiplication. But if t\t* and 
t a t* are generators of M^e, then A, p, cr, r are as in (|3.1(1 . Since 

t\t ^t(jt T — ^ ^ t\at T p, 

(Q,/3)eA™(M^) 

and since each Aa and each r/3 belong to F by (|3.1|1 . it follows that t\t*tcrt* £ 
M>. □ 

The intersection of a family of sets satisfying l|3.1j) also satisfies H3.1f) . so we can 
make the following definition. 

Definition 3.3. For any A and E, wc define HE to be the smallest set containing 
E which satisfies Ij3.ll) : that is 

HE := C\{F C A : E C F and F satisfies (|3~TU . 

Remark 3.4. The following consequences of Lemma 13. 21 will prove useful. 

(i) IIS is finite. 

(ii) For p, £ E ILE with d(p) = <i(£) and s(p) = s(£), and for all ^ E s(p)A, 

p^ E IIS if and only if £ HE : 

the "if" direction follows from (|3.1I) with A = p, /x = £, and cr = r = 
and the "only if" direction follows from (|3.1() with A = p = pv, a = p, and 

r = e 

(iii) If p,£ E and (a,/3) £ A ram (p,£), then (fSUl) with X = p = p and 
a = t = £ gives pa = £/3 E n£> that is to say, Iii? is closed under taking 
minimal common extensions, so HE = \/(HE). 

The next step is to find a family of matrix units for M^ E . The trick is first to 
expess each t v as a sum of orthogonalised range projections associated to paths in 
HE. 

Proposition 3.5. For each A E HE, define 

\veyie 

d(v)>Q 

Then {Q(t)^ E : A E HE} is a family of mutually orthogonal projections such that 

(3.2) n (*«-*Atj)+ e 

for all v E r(HE). 

Proof. Fix i> E r(ni?). Any G C A satisfies l|3.1fl if and only if G U {i>} satisfies 
(|3~T|) . Hence, by Definition IO (HE) U {v} = n(£ U {v}). 

live HE, then Ylx &vI i E (tv — t\t* x ) — 0, so setting F := vHE, the left-hand side 
of is equal to £ Aei? 

On the other hand, if v HE, then with F := v((HE) U {«}), we have 

Q{t){ = Q(t){ UE)u{v} = Q(t)\ lE 

for all A E u(nE). Furthermore, 

Q{t)v = n (*»-*a*a)- 

Aet>nB 
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So the left-hand side of (|3.2f> is once again equal to J2xeF Q(t)\ ■ 

In either case, F — WF and A G F r(A) G F. Under the identification of 

finitely aligned product systems of graphs over N fc with finitely aligned /c-graphs 
(see [121 Example 3.5]), the proof of ^3 Proposition 8.6] with its first sentence 
removed now proves our result. □ 

Remark 3.6. For A G HE, we have 

Q{t)\ lE = t x t x \{ {t x (t s{x) -t u tl)t\) 
Aliens 

(3-3) , , 

XvGTlE 
d(v)>0 

because t* x t x = t s(x y 

Corollary 3.7. Let /j, G HE. Then ^i* = £ M „ enB Q(*)JJf ■ 
Proof. First notice that 



( II (*r(M) - *A*a) + E 
Aer(^)n,E crer(/i)ri-E 



by Proposition 13. 51 By definition of Q(t)^ E , we have i^f* > Q(t)^ E for all i/, so it 
suffices to show that 

W ^tlUxerMUE^rOi) ~ *A*a) = Q 5 and 

(ii) for cr G HE with cr(0, ^ fjt, we have t^Q(t)^ E = 0. 

Claim (i) is straightforward because /i G r(/i)IIi?, and hence 

Mm II (W) - *a*a) ^ M^W) - t^l) = 0- 

It remains to prove Claim (ii). But for a as in Claim (ii), (a,/?) G A mm ( / u, a) 
implies c£(/3) > 0, and the definition of HE ensures that a(3 G HE. Hence 



— t nipt at a \\ {t&ta ^ov^av) 
crvGTlE 
d(i/)>0 

= ( e *^/»)( n w-u)) 

(a,/3)GA mi "(p,cr) aveUE 
d(j/)>0 

(a,/3)eA» i «(/i : cr) roen£\{ ff( 5) 

d(^)>0 

= 0, 

establishing Claim (ii). □ 
Definition 3.8. For A, ^ G IT_E with d(A) = d(/x) and s(A) = s(/i), define 6(i)^ := 

Q(*)? b *aC 
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Proposition 3.9. The set 

{0(f)£* : A, fx G HE, d(X) = s(A) = 

is a collection of partial isometries which span M^ E and satisfy 
(i) (e(t)^)* = (t)nf;and 



To prove Proposition 13.91 we need to establish two lemmas. 
Lemma 3.10. Let A,/i G Ili? twi/i d(A) = d(/x) and s(A) = s(/i). TTien 



ew^^A( n (« S (A)-w;))t; = w;ow 



\veiiE 



Proof. We begin by calculating: 



®(t)Z = Q(t)x E txt* 



I' 

= tx( II («.(A)~M:))tA«A*; by(E3 

Ai/Gn_E 
d(y)>0 



(3.4) =*a( n 

Aliens 

d(i/)>0 

which establishes the first equality. For the second equality, we continue the calcu- 
lation as follows: 

(*)a,m=*a( n ( f «(A)-M:))t; by ei 

d(i/)>0 

= *a( II (*-(A)-t^))*J by Remark Elii) 



d(v)>0 



d(w)>0 



= txt;Q(t)* E by & □ 

Lemma 3.11. Let A,/.t G Ili? luii/i d(A) = d(/i) and s(A) = s(^). TTien 
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Proof. Just calculate 

t\tfi = t \t nt p 

= *^( E by Corollary O 

= E (*A^V( II feM-^O)*;)) byE3 
d(v')>a 

= e (>( n 

d(v')>0 

by two applications of Remark l3.4f ii) 

= E Q Wa^ by Lemma EH □ 
\veUE 

Proof of Proposition 1 3. .91 The 6(t)^ are clearly partial isometries. It follows from 
Lemma f3. Ill that they span Mj lE . It remains to show that the S(i)^ satisfy (i) 
and (ii). 

Let A,/j € HE with d(A) = d(/z) and s(A) = s(/x). Since the Q(t)^ E are projec- 
tions by Proposition 13. 51 we can and use Lemma fe.lUl to calculate 

Furthermore, if cr, r also belong to ILE with d(<r) = c!(t) and s(cr) = s(r), then 
Q(*)?,Me(*)"f = t\tlQ(t)™Q{t)™t,t*T by LemmaEni 
= WaW*)?%*t by Proposition E31 
- 6»,aQ(t)x E t x tlt^ by LemmaEni 
= <W<3(*)a B *A*t since s(A) - e(p) 

We now need to say which pairs A, /i satisfy O(i)^ 7^ 0. 

Notation 3.12. For A, fi G lJi? with s(A) = s(/i) = u and d(A) = d(/x) = n, 
Remark I3.4f ii1 ensures that 

{v G vA : d(v) > 0, \v G ILS} = e wA : d(i/) > 0, /xi/ G UE}. 

We denote this set by T nE (n,v). For convenience, for A G HE, we write T(A) for 
T nB (d(A), s (A)). 

Proposition 3.13. Suppose that t v ^ for all v G A . Tften 

S(t)x u — */ a?l ^ on/?/ ifT(X) is exhaustive. 

To prove Proposition 13.131 we need a definition and two lemmas. 

Definition 3.14. For each n G N k and v G A with T nB (n,v) non-exhaustive, fix 
£ nis (n,v) G vA such that A min (£ nB (ra, v), v) = for all v G T n£ (n,u). Again for 
convenience, we will write £a in place of £ nE (d(X), s(A)) for A G IIE 1 . 

Lemma 3.15. For each A G II_E such that T(A) is not exhaustive, t\^ x t* x ^ < 

Q(t)? E - 
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Proof. Set £ = £\, and calculate 



A^ens 

d(v)>0 



II (*A£*Af(*A*A _ *Aw*Av)) 



A^en_E 

rf(i/)>0 

- n ( 

A^elLE (a./3)6A mi -(A5,Ai/) 
d(^)>0 

= n ***** 

A^en_E 

d(i/)>0 

since each A min (A£, Az/) = A min (£, i/) = 
by choice of £ = £a 

= *A£*A« □ 

Lemma 3.16. Let A G TIE and suppose that T(A) is not exhaustive. Let o~,t € ILE 1 
im'f/i d(cr) = d(r) and s(<r) = s(t). Then 

*A£ A *A£ A ©(*)<r,T = <Sa,o-*A£a**£ x - 

Proof. Set £ = £a and calculate 

iAft^e(t)°f = ^Q(i)? B U; 

= tA^Ae<3WA E( 3(*)? B ^*T by LemmaEni 
= ^A.atA^AS Q(t)\ B ht* by Proposition EH 
= <$a,<t*A£**£ by Lemma 15. 151 □ 



Proof of Proposition I J .91 For the "if" direction, note that T(A) is certainly finite 
and if it is also exhaustive then 

8(C^a( n (*.<a)-u:))*p = o 

i-eT(A) 

by Definition ^Sfiv) . For the "only if" direction, suppose that A,/i 6 Ili? with 
d(A) = d(/z) and s(A) = s(/i), and suppose that T(A) is not exhaustive. Then 
Lemma \'A . 1 61 ensures that 

*A6**A£ x (*)a,m = *A6**Af A = 

which is nonzero because each t v ^ 0. Hence 6(t)^ ^ 0. □ 

Corollary 3.17. Suppose that t v ^ /or a// u G A . Suppose £ 1L5 toit/i 
d(A) = and s(A) = s(/x). TTien 9(4)^ = 0i/ and onfy «/9(s)^ = 0. 

Proof. We know from the boundary path representation that each s v is nonzero. 
The result then follows from Proposition 13.131 applied to both {s\} and {t\}. □ 

Proof of Theorem \3.1\ Since 

C*(A) 7 = span{s A s; : A, /i G A, d(X) = d(p)}, 
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we have 

C*(AT'= |J M* £ . 

EGA finite 

Since each M^ E is finite-dimensional, it follows that C*(A) 7 is AF. Furthermore, 
since 7r t (6(s)^) = 6(t)^ for all finite Be A and 6(i)^ € M^, Corollary E3 
ensures that 7T* maps nonzero matrix units O(s) w to nonzero matrix units 6(£)a^j 
and hence is faithful on each M^ E . The result now follows from 1, Lemma 1.3]. □ 



4. The uniqueness theorems 

Write $ for the linear map from C*(A) to C*(A) 7 obtained by averaging over 
the gauge action; that is, $(a) := J Jk ■y z (a)dz. The map $ is faithful on positive 
elements and satisfies ^(s\s*^) — 6d(X),d(p)S\sl,- 

Proposition 4.1. Let (A, d) be a finitely aligned k-graph. Suppose that it is a 
homomorphism of C*(A) such that ir(s v ) ^ for all ueA and 

(4.1) IK*(a))|| < lk(«)ll V <rf/ a G C*(A). 

T/ien 7r is injective. 

Proof. Equation (|4.1|l . Theorem 13. II and the properties of $ show that ix(a*a) — 
a*a = 0. □ 



4.1. The gauge- invariant uniqueness theorem. 

Theorem 4.2. Lei (A,o!) be a finitely aligned k-graph, and let n be a homomor- 
phism of C*(A). Suppose that there is a strongly continuous action 9 : T k — > 
Aut (C*({ir(s x ) : A £ A})) sucft that 9 Z o tt = tt o 7z /or a// z £ T fc . //tt(s„) ^ for 
all v G A , f/ien 7r is injective. 

Proof. Averaging over is norm-decreasing and implements tt (a) i— ► 7r($(a)). Hence 
Equation (|4.1(l holds, and the result follows from Proposition 14.11 □ 

Corollary 4.3 (The gauge-invariant uniqueness theorem). Let (A, d) be a finitely 
aligned k-graph. There exists a Cuntz-Krieger K-family {t\ : A G A} such that 
t v ^ for every v G A , and such that there exists a strongly continuous action 9 : 
T k -> Aut(C*({i A : A G A})) satisfying 9 z (t x ) = z d{x h x for all A G A. Furthermore, 
any two such families generate canonically isomorphic C* -algebras. 

Proof. Proposition 12.121 shows that there is a Cuntz-Krieger A- family consisting of 
nonzero partial isometries. It follows that each s v G C*(A) is nonzero, so t\ := 
s\ and 9 := 7 gives existence. The last statement of the corollary follows from 
Theorem □ 

Recall from [5] that if (Ai, di) is a fci-graph and (A 2 , o! 2 ) is a fc 2 -graph, then the 
pair (Ai x A 2 , di x d 2 ) is a (fci + /c 2 )-graph. It is easy to check that if Ai and A 2 
are finitely aligned, then so is Ai x A 2 . 

Corollary 4.4. Let Ai be a finitely aligned k\-graph and let A 2 be a finitely aligned 
ki-graph. Then C*{h\ x A 2 ) is canonically isomorphic to C*(Ai) ® C*(A 2 ). 
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Proof. Implicit in the statement of the corollary is that all tensor products of 
C*(Ai) and C*(A2) coincide. The bilinearity of tensor products ensures that 
{sai <8> s\ 2 : (Ai, A 2 ) £ Ai x A 2 } is a Cuntz-Krieger (Ai x A 2 )-family regardless 
of the tensor product in question. Seperate arguments for the spatial tensor prod- 
uct and the universal tensor product show that for either one, the formula 

extends to a strongly continuous action 9 of f kl+k2 on C*({s\ 1 <£> s\ 2 : (Ai, A 2 ) G 
Ai x A 2 }) which is equivariant with the gauge action on C*(Ai x A 2 ). The vertex 
projections s Vl ® s V2 are all nonzero because each s Vl is nonzero and each s V2 is 
nonzero. Corollary 14.31 shows that the two tensor products coincide, and Theo- 
rem ^21 shows they are canonically isomorphic to C*(Ai x A 2 ). □ 

4.2. The Cuntz-Krieger uniqueness theorem. 

Theorem 4.5. Let (A, d) be a finitely aligned k-graph, and suppose that 
for each v G A there exists x G vA-°° such that 

(B) 

A, fi G Av and A^fi imply Xx ^ \ix. 

Suppose that it is a homomorphism o/C*(A) such that ir(s v ) ^ for all v G A . 
Then n is injective. 

Corollary 4.6 (The Cuntz-Krieger uniqueness theorem). Let (A, d) be a finitely 
aligned k-graph which satisfies {BJ). There exists a Cuntz-Krieger A- family {t\ : A G 
A} such that t v ^ for all v E A . Furthermore, any two such families generate 
canonically isomorphic C* -algebras. 

Proof. The existence of a nonzero Cuntz-Krieger A-family follows from Proposi- 
tion I^^J The last statement of the corollary follows from Theorem 14. 51 □ 

The rest of this section is devoted to proving Theorem 14.51 For the remainder 
of this section, let (A, d) and ir be as in Theorem 14.51 and fix a finite set E C A 
and a linear combination a = ^ eE a\ ttl s\s*^ G C*(A). Notice that ^(a) = 
fitE d(\)=d(p) a A,^SAS^. Since a is arbitrary in a dense subset of C*(A), if we 
show that 

|K$(a))|| < 

then Theorem 14.51 will follow from Proposition ^. II 

For neN k , define T n to be the C*-subalgebra of C*(A)T, 

T n ■= span{sAS* : A, \x G A-", d(X) = d(fi)} 

= IC(£ 2 (vA^' l nA m )) 

where the isomorphism follows from Lemma l2.7f ii). 

Proposition 4.7. There exists Ne G N fc and a projection Pe such that b i— > P E b 
is an isomorphism of M^ E into Fn e ■ 

Proof. Recalling Notation 13 . 1 21 and Definition ^. 141 let 

N E := VM A 60 : A G IiE,T(\) non-exhaustive}. 
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Whenever T nE (n, v) is non-exhaustive, d(£ UE (n, v)) < Ne—ii, so let let v nE (n, v) £ 
A <N E ~n be an extension f ^ E ( n , v). That is, for A £ HE, v\ := v nE (d(X), s(A)) 
belongs to A< N v-<tM and v x (0,d(£x) = 
Let 

T(A) non-exh. 

For all A £ HE with T(A) non-exhaustive, 

s\u x s\ Vx < s x ^s* Hx < Q(s)^ E 

by Lemma f3. 161 Since all the Q(t) UE are mutually orthogonal by Proposition 13. 51 
it follows that the s A£ a s a£ a are mutually orthogonal, as are the sai/ a s a^ A ' Hence, 
for all A 6 HE with T(A) non-exhaustive, 

(4-2) p ESx ix s* Xix = s x » x s* Xux . 

If A, /i £ HE with d(X) = s(A) = s(/z) and T(A) non-exhaustive, then 

p B e( s )^ = p £ ( £ ^x0©«* by 63 

T(cr) non-exh. 



= Pes\£ x s *ll£ x by Lemma Rj. 161 
(4.3) = .W^ A byg^. 

Lemma 3.6 of [T3| says that if A £ A^ n and fx £ A^ m then Xfi £ A< n + m . Hence 
for all A £ HE such that T(A) is non-exhaustive, A^a £ A- Nb . It follows from 
Proposition 13.151 that b i— > Pgb sends nonzero matrix units in Mf^ E to nonzero 
matrix units in J^Nej proving that b > PEb is an isomorphism. □ 

For v £ s({f\ : A £ HE,T(X) non-exhaustive}), define 

Pv '■— y ] s Ai/ a s Ai^ a j 

XeHE, T(A) non-exh. 

so P E = T,ves({uy.XenE,T(X) non-exh.}) P v In particular P v = P v P El so Equa- 
tion (|4.3|l gives 

P v Q(s)x E — P v Pe@{s)^ E — PvSXu x s *fiu x — $v,s(vx) S Xv\ s *p.ux- 

for all X, [i £ HE with d(X) = d(fi), s(A) = s(/x), and T(A) = T(/z) non-exhaustive. 
Hence 

— ^v,s(i^ x ) s Xu x S*^ x — P v Q(s)^ E , 

so each P v is in the commutant of MfiE- It follows that there exists a vertex vq 
such that 

(4-4) \\Pv Ha)\\ = \\P E *(a)\\ = ||*(o)|| 

where the second equality follows from Proposition 14.71 

Lemma 4.8. Let A,/i € ni?, suppose thatT(X) is not exhaustive, and suppose that 
X fiA. Then A min (Ai/ A , n) = 0- 
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Proof. Suppose for contradiction that (77, £) € A min (Xi'\, /i). Then r\ = s(i/\) and 
A^a = n( because A^a G A^ Ne and ATe > by definition. But then with 

a:=vx(0,(d(\)Vd(n))-d(\)) and /3 := f(0, (d(A) V d(p)) - 

we have (a,/?) G A min (A,/j), and A ^ fifi', so d(a) > 0; hence a G T(A). Fur- 
thermore, A mm (a, v\) ^ by definition of a, and hence A min (^A,a) ^ 0, which 
contradicts the definition of £a- D 



Corollary 4.9. If \,fi,a G IIP andT(a) is non- exhaustive, then 



otherwise. 



Proof. The corollary follows from a straightforward calculation using Lemma [4.81 
and Definition 12 .5f iii). □ 

Lemma 4.10. We have 

(1) P Vo a G span{sAA'i/ XA »s^A't/ / ■ ^'A* G P, AA' G nP,T(AA') non-exhaustive, 
s(v\\>) = wo}; and 

(2) <&(P, <z)=P„ <I>(a). 

In particular, 

P„ $(a) e span{s A „ A s* l/A : A, /1 G HE 1 , d(A) = d(/z), 

s(A) = s(/x),T(A) non-exhaustive}. 

Proof. First we use Corollary 14. 9l to calculate 

(4.5) P, a = 51 flA <4 51 ***'"av s mA'i/ aV 

A.^eS AA'enE.T(AA') non-oxh. 

s(" AA ')=*>o 

which proves (1). Furthermore, applying $ to 14.5|l . we have 

$(P Vo a)= fl A^( X! S AA'„ AA ,S^AV AA , 

A,£t£-E AA'eniS,T(AA') non-oxh. 

d (AAV AA ,)=d(>A'i> AA ,) 

s ( Iy AA') = ' u 

= H («A,M H S AA'„ AA ,s; A ' I , AA , 

A,p£-E ^ AA'GnB,T(AA') non-oxh. 
d(A)=<i(M) s(i/ AA /)=Da 

= P„ $(a). 

The last statement of the lemma follows from (1) and (2) together with Re- 
mark GOfii). □ 

We now modify the proof of ^3 Theorem 4.3] to obtain a norm-decreasing map 
Q which will take n(P Vo a) into 7r(C*(A) 7 ). 

Lemma 4.11. There exists a norm- decreasing map Q : n(C*(A)) — > 7r(C*(A) 7 ) 
suc/i i/ifli 

||Q(7r($(P„ a)))|| = ||7r($(P„ a))|| and Q(7r($(P„ a))) = Q(7r(P„ a)). 
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Proof. We follow the latter part of the proof of fjj Theorem 4.3] quite closely. 
Since A satisfies {5J), there exists x G i>oA-°° such that A 7^ fi and £ Ai>o 
imply Ax ^ ^x. Hence, for each A ^ p m At>o, there exists M> iM € N fc such that 
(Ax)(0,to) 7^ (/ix)(0,m) whenever to > Af\, M ; assume without loss of generality 
that M x ,p > d(X) V d(p). Let 

H := {(AAW,MAW) : A, /i, AA' 6 UE, 

T(AA') non-exhaustive, s(^aa') = i>o}, 

By Lemma I^TTUT l). P Vo a G spanks* : (a, r) G P}. Let 

T := {p G A-^ : p = a or p = r for some (er, r) G H }. 

Define 

Af := V{Afp,r : P G P, (cr, r) G P for somecr, and p^r} + n x . 

The idea is that M is "far enough out" along x to distinguish any pair of paths in 
H. By definition of M we have 

(4.6) (tx)(0,M)^( P x)(0,M) 

when r is the second coordinate of an element of H, p belongs to T, and t ^ p. 
Write x M for x(0,M). 
For n < Ne we set 

p£T,d(p)=n 

and we define Q : tt(C**(A)) -> tt(C**(A)) by 

Q(b) := QnbQn- 

n<N E 

As in [13] . <5 is norm-decreasing because the Q n are mutually orthogonal pro- 
jections. Also as in pi], ||Q(7r($(P„ a)))|| = |7r($(P, a))|| because Q maps the 
nonzero matrix units in 7r(P„ Affj B ) to nonzero matrix units in -k{!Fn e +m) (see the 
proof of p3 Theorem 4.3] for details). 

To establish that Q(-n{P Va a)) = Q{n(^(P Vo a))), let (<x,r) G H with d(a) d(r). 
As in the proof of [131 Theorem 4.3], Q(ir(s a s*)) is nonzero only if there exist 
peTn A d ^ and a, (3 such that 

(4.7) (TX M a)(0, M) = (/» M /3)(0, M). 

We claim that (txmoi)(0, M) — (txm)(0, M) for all a G s(xm)A: suppose otherwise 
for contradiction. Then there exists i such that d(a)i > and d{TXu)i < Mi so 
d(x M )i < (M - d(r))i. But s((rx M )(0, A/)) = s(x M (0, A/ - d(r))), and since 
M > d(r) + n x , we have M - d{r) > n x . It follows that A e '(x(Af - d(r))) = by 
H2.lt . The factorisation property now gives s(xAf)A ei = 0, contradicting d(a)i > 0. 
The same argument gives (pxM0)(O, M) = (pxm){0,M) for all [3. So 14. 7[) is 
equivalent to (t£m)(0, M) = (pxM)(0,Af) which is impossible by ()4.6[1 . Hence 
^(^(suS*)) = as required. □ 

Proo/ 0/ Theorem \J~5\ By (|4"4*|) . we have ||$(a)|| = ||P„ $(o)||, and Lemma |4~TUI 
gives 

P„ 3»(a) G span{sA„ A s*„ A : X,fi G HE, d(A) = d(/x) 

s(A) = s(p),T(X) non-exhaustive}. 
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Since 7r is injective on the core by Theorem 13. II we therefore have 
(4.8) [k(*(o))[| = Ma)]] = \\P v Ma)\\ = lk(^„$(a))||. 

Using 1)4.80 . Lemma r4.1(jr 2). and Lemma f4. Ill we therefore have 

M^a))\\ = MP v Ma))\\ = M<S>(P vo a))\\ 

= \\Q(ir($(P Vo a)))\\ = \\Q(-K(P vo a))\\ 
< ||7r(P W0 )7r(a)|| < ||7r(a)||. 
The result then follows from Proposition ^. II □ 

Appendix A. The Cuntz-Krieger relations 

The objective of the Cuntz-Krieger relations is to associate to each finitely 
aligned fc-graph A a universal C* -algebra C*(A) generated by partial isometries 
{s> : A £ A} which has the following properties: 

(a) The partial isometries s\ are all nonzero. 

(b) Connectivity in A is modelled by multiplication in C*(A). 

(c) C*(A) is spanned by the elements {s,\s* : A,/i 6 A}. 

(d) The core subalgebra spanjsAfi^ : X,fi 6 A, d(X) = d(fi)} is AF. 

(e) A representation ir of C*(A) is faithful on the core if and only if ir(s v ) ^ 
for every vertex v. 

Relations (i) and (ii) of Definition ^. 5l address property (b). Definition ^ . 5f iiil en- 
sures that property (c) is satisfied. Definition 12 . b( m) has not appeared explicitly in 
previous analyses of Cuntz-Krieger algebras, but it has always been a consequence 
of the Cuntz-Krieger relations (see, for example, ^| Proposition 3.5]). Proposi- 
tion 6.4 of ^21 indicates why we have to impose Definition 12 . 5f iii) explicitly to deal 
with fc-graphs that are not row-finite. The analysis of Section[3]shows that relations 
(i)-(iii) of Definition 12 . 51 also guarantee property (d). 

We must now produce a fourth Cuntz-Krieger relation which guarantees that 
C*(A) satisfies (a) and (e); in the following discussion, therefore, we assume that 
Definition ^. 5f iWiii1 hold. We describe examples of /c-graphs using their 1-skeletons 
as in ^2 Section 2]. 

The analyses of jS] and ^3] suggest that a suitable relation might be 

(A.l) t v — J2\evA< n whenever vA- n is finite. 

However, this relation fails to guarantee (a), even for row-finite fc-graphs, as can be 
seen from the following example: 

Example A.l. Consider the row-finite 2-graph Ai with 1-skeleton 

t 

Mi' 
I 



Ai 

where d(Xi) — (1,0) and d(p,i) = (0, 1). The range projections sai^i an< ^ s a«i s mi 
are orthogonal by i|A.l|) for n = (1,1), but must both be equal to s Vl by l|A.l|) with 
n = (0, 1) and n = (1,0). Consequently s Vl — 0, so l|A.l|) fails to ensure condition 
(a) for C*(Ai). 
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For the row- finite k- graphs of |13| (vA ei is always finite), we avoided the problem 
illustrated by this example by assuming that our fc-graphs (A, d) were locally convex: 
the fc-graph (A, d) is locally convex if for all v E A , i ^ j, X e vA ei and fx E vA Cj , 
both s(A)A e » and s(fi)A ei are nonempty 13, Definition 3.9]. 

For locally convex row-finite fc-graphs, the Cuntz-Krieger relations used in |13| 
are equivalent to Definition 12. 5f iWiii) and l|A.2|l . It is shown in |13l Theorem 3.15] 
that these relations imply (a), and the discussion of ^3 page 109] shows that they 
imply (e). However, Example IA.2I demonstrates that for non-row-finite fc-graphs, 
local convexity is not enough to ensure that (|A.1(I implies (e). 

Example A. 2. Consider the locally convex finitely aligned 2-graph A2 with 1- 
skeleton 




v 2 A 2 



where solid edges have degree (1,0) and dashed edges have degree (0,1). Rela- 
tion (|A.lfl docs not impose any equalities at vi because v<xA^ n is infinite for all 
n / 0. The Cuntz-Krieger family {S\ : A E A2} provided by the boundary-path 
representation satisfies S V2 — {S\ 2 S^ 2 + Sfj_ 2 S* 2 ) = 0. However, for any nontrivial 
projection P, taking T V2 := S V2 © P and T a = S a for er E A 2 \ {w 2 } gives 
a Cuntz-Krieger A2-family satisfying Definition 12.51 (i)-(iii) and (|A.1|I in which 
T V2 - {Tx 2 T* 2 + T^ 2 T* 2 ) ^ 0. In particular, {S\ : A £ A 2 } satisfies Definition 
(i)-(iii) and l|A.l(l . but the representation determined by {S\ : A E A 2 } is not 
faithful on the core, even though S v ^ for all v E A°. 

The key property of A2 which causes the problems with relation (|A.ljl is that 
there exists a finite subset of w 2 A 2 (namely {A 2 ,^2}) whose range projections to- 
gether dominate all the range projections associated to paths in W2A2 \ {i>}, but no 
such subset of the form -^A^". For a finitely aligned fc-graph A and v E A , we 
can use Definition 12. 5f iii) to characterise the finite subsets of vA whose range pro- 
jections together dominate all the range projections associated to nontrivial paths 
with range v: they are precisely the finite exhaustive sets of Definition 12.41 

Example IA.2I therefore suggests that Cuntz-Krieger relation (iv) should be 

(A. 2) t v = X^g-E f° r ever y v E A and finite exhaustive E C vA \ {v}. 

Example (Example I A . 1 1 continued) . The only finite exhaustive subset of wiAi which 
does not contain v\ is the set {Ai, Hi}. In particular, (|A. 2|> does not insist that either 
t\ 1 t* Xi or t^t* is equal to t Vl , and so replacing (|A.1(I with (|A.2|I eliminates the 
pathology associated to the non-local-convexity of Ai. 
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The only problem with (|A.2j) is that it is predicated on the notion that the range 
projections associated to paths in a finite exhaustive subset of vA\{z;} are mutually 
orthogonal. The following example shows that this is not true. 

Example A. 3. Consider the locally convex 2-graph A3 with 1-skeleton 




V3 A 3 



where solid edges have degree (1, 0) and dashed edges have degree (0, 1). As in Ex- 
ample lA~2l the fourth Cuntz-Krieger relation must insist that the range projections 
associated to A3 and together fill up t V3 , or else (e) will fail because {A3, ^3} 
is finite and exhaustive. However, the range projections t\ 3 t^ and t^t* are not 
orthogonal: by Lemma |2.7lT l. t^t^t^t*^ — t\ 3 a 3 t*^ 3a3 . Indeed there is no finite 
exhaustive subset of vA whose range projections are orthogonal. 

The solution to the problem illustrated in Example I A. 31 is to use products rather 
than sums to express the fourth Cuntz-Krieger relation. 

Example fExample lA.3l continued) . Lemma l2.7lT j says that in any family satisfying 
Definition 12. 5f i)— (iii). the projections t\ 3 t^ 3 and t^ 3 t*^ 3 commute. Consequently, it 
makes sense to express the requirement that the range projections associated to A3 
and /X3 fill up t V3 with the formula 

(A-3) (tv 3 -tx 3 t* X3 )(t V3 -t fl3 t; 3 ) = o. 

Relation (iv) of Definition 12.51 namely 
(A. 4) IIae.eC*'" — *A*a) = f° r everv v £ A and finite exhaustive E C wA, 

is the generalisation of (|A.3|I to arbitrary finite exhaustive sets in an arbitrary 
finitely aligned fc-graph. Note that l|A.4|) reduces to l|A.2(l when the range projec- 
tions associated to paths in E are mutually orthogonal (as in A2). Proposition ^. 121 
together with Theorem 13 . II show that (|A.4|) ensures (a) and (e). 

Appendix B. 1-graphs and locally convex row-finite /c-graphs 

Recall from ^3] that a fc-graph (A, d) is row-finite if vA ei is finite for all i 6 
{1, . . . , fc} and v € A . Recall also from p|] that (A, d) is locally convex if A e vA ei 
and vA e i ^ for i ^ j implies s(A)A e ^ ^ 0. 

Proposition B.l. For 1-graphs, the Cuntz-Krieger families of Definition\^^ coin- 
cide with those of (Hj- For locally convex row-finite k-graphs, the the Cuntz-Krieger 
families of Definition \2.5\ coincide with those of |13|. 
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We prove Proposition IB . II with three Lemmas. 

Lemma B.2. Let (A, d) be a k-graph. If k > 1, suppose that A is locally convex 
and row-finite. Let {t\ : A G A} be a Cuntz-Krieger A-family. Then {t\ : A G A} 
is a Cuntz-Krieger A-family in the sense of [B] if k = 1, and is a Cuntz-Krieger 
A-family in the sense of |13| if k > 1. 

Proof. By Lemma l2.7f iiiV we know that t v > /Cagb^a whenever E C vA ei is 
finite. By [131 Propostion 3.11], it suffices to show that for every v € A and 
1 < i < k such that < |uA ei | < oo, we have 



By Definition I2.5f iv). we need only show that vA ei is exhaustive whenever < 
|i>A ei | < oo. This is trivial for k = 1: every path with range v is either equal to 
v, in which case it is extended by every path in vA ei , or has an initial segment 
of length 1, and hence must extend an edge in A ei . Now suppose k > 1 and A is 
locally convex and row-finite, fix v, i with vA ei ^ 0, and let A G vA. We must show 
that there exists \i G vA e < such that A min (A,^) ^ . If A = v, then A min (A,/i) = 
{(//, s(fi))} for all /i G vA ei . If d(X) > e^, then with /z = A(0, ei) G vA e \ we have 
A min (A,/z) = {(s(A),A(e;,d(A)))} / 0. Finally, if A ^ V and d{\) % = 0, then since 
vA Ei is nonempty, |d(A)| applications of the local convexity condition show that 
there exists a G s(A)A ei . With fi :— (Aa)(0, e{) and (3 :— (Xa)(ei, d(Xa)) we have 



Lemma B.3. Let A be a 1-graph and suppose that {t\ : A G A} is a Cuntz-Krieger 
A-family in the sense o/p|. Then {t\ : A G A} satisfies (iv) of Definition \2.5[ 

Proof. Let v G A and let E be a finite exhaustive subset of vA. We proceed by 
induction on L(E) := \{i G N : EDA 1 ^ 0}|. For a basis case, suppose that 
L(E) = 1, so E C A 1 for some z. Then {A(0, j) : A G E} = vA j for 1 < j < i, and 
then i applications of |BJ Equation (1.3)] give 



Now fix / > 1 and suppose that Definition I2.5f ivl holds whenever L(E) < I, 
and suppose that L(E) =1 + 1. Let / := max{i : E n A 1 ^ 0}. Since > 2, 

{A G E : d(X) < 1} is nonempty, so let J := max{j < / : £ n A 3 I}. Fix 
A G -E with <i(A) = /. Since E is exhaustive, we have either A(0,j) G E for some 
j < J or {A(0, J)v :v e s(A(0, J))A 7 - J } C £. If A(0, j) G E for some j < J, then 
t v -t\t\ > tv-t\(o,j)t*x( 0d y and£' := B\{ A} is exhaustive with l\^ eE , (s^-s^s*) = 
U^e( s v ~ s^s* ). On the other hand, if {A(0, J)v : v G s(A(0, J))A J - J } C i?, then 



is also exhaustive, and Yifj,eE'( Sv ~ s m s *i) = Y[/_ l eE( Sv ~ s m s ^)- Repeating this 
process for each Ae£fl A 1 , we obtain a finite exhaustive _E" G wA which satisfies 



(1) {i G N : £"nA 4 ^ 0} = {i G N : E(~]A i ^ 0}\{/}, so L{E") = L(E)-1 = I; 



t v — ^ 



AG«A e i 



^ G vA e - and (a,/3) G A min (A,^). 



□ 




E' := (E \ {A(0, J)v : v G s(A(0, J))A / -' 7 }) U {A(0, J)} 



and 



( 2 ) U^E"( S -o ~ = U^eE( S v ~ SpS*). 



The result now follows from the inductive hypothesis applied to E" . 



□ 
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Lemma B.4. Let (A, d) be a locally convex row-finite k-graph and let {t\ : A G A} 
be a Cuntz-Krieger A-family in the sense of |13l Definition 3.3]. Then {t\ : A G A} 
satisfies (iv) of Definition \2.^ 

Proof. Let v G A , let E be a finite exhaustive subset of vA, and let N := 
\J XeE d(X). Now let E' := {Xv :Ae£,i/£ s{X)A^ N - d ^}. By Q31 Lemma 3.6], 
and since E is exhaustive, we have E' = vA^ N . Hence relation (4) of Q31 Defini- 
tion 3.3] ensures that s v = J^„ gS / s^s*, so 

Y[ ( S v ~ S\S\) < ]\{Sv- S^S*) =S V - ^ S M S M = °- D 
AGS neE> fi£vA< N 

Proof of Provosition \B.l[ Lcmma lB.2l shows that the Cuntz-Krieger families of Def- 
inition ESI give Cuntz-Krieger families as defined in [H] and |13j . Relations (i) and 
(ii) of Definition 12.51 are obviously satisfied by the Cuntz-Krieger families of both 
and Q3|. In a 1-graph, A min (A,/i) equals {(A',s(/z))} if n = XX', {(s(A),//)} 
if A = /i/i', and otherwise. It follows that relation (iii) of Definition 12.51 is sat- 
isfied by the Cuntz-Krieger families of Proposition 3.5 of 13 shows that for 
locally convex row-finite fc-graphs, Relation (iii) of Definition 12.51 is satisfied by 
the Cuntz-Krieger families of ^3|- The result now follows from Lemmas IB.3I and 

E3 □ 

Appendix C. Checking the relations in terms of generators 
Theorem C.l. Let (A,d) be a finitely aligned k-graph. Let 

{f A : A G ( U^ =1 A ei ) U A } 

be a family of partial isometries in a C* -algebra. Then there is at most one Cuntz- 
Krieger A-family {t' x : X G A} such that t' x = t x for all X G (\Ji=i Ae *) U A ). 
Furthermore, such a Cuntz-Krieger A-family exists if and only if 

(i) {t v : v £ A } is a collection of mutually orthogonal projections. 

(ii) t\t a — t^tp when A,/i,a, 

(iii) = E( Q ,/3)eA".in(A, M ) tatfi for all X, /i G U*=i A ^ ■ 

(iv) for every v G and every finite exhaustive E C Uj=i vA ei , 

n - txt* x ) = o. 

Ae-E 

Before proving 

Theorem EU 

we establish a number of preliminary results. 

Lemma C.2. Let (A, d) be a finitely aligned k-graph. Suppose that {t\ : A G A} 
is a collection of partial isometries satisfying Definition 1 2. 5\( i) and (ii). Then {t\ : 
X G A} satisfies Definition \2. 5lf in) if and only if 

(CI) t* x t^ = E( Q ,ffl€A»«»(A,rt *a*0 f 0r °" A '<" G Ui=l A ^ ' 

Proof. Since IjC.ljl is a special case of Definition I2.5f iii1 , we need only show the 
"if" direction. This in turn will follow from |12l Lemma 9.2] if we can show that 
Definition I2.5f i) and (ii) together with l|C.l(l imply relations (3) and (4) of |12l 
Definition 7.1], namely that 

(C.2) t* x t\ = t s ( X ) f° r all A e A; and 

(C.3) t v > J2\eF whenever F C A n v is finite. 
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An inductive argument on the length of A establishes l|C.2|l . With this in hand, l|C.3(l 
then follows from (|C.1(I together with Definition 12. 5f ii^ as in Lemma r2.7f iii s |. □ 

Proposition C.3. Let (A, d) be a finitely aligned k-graph. A family {t\ : A G A} 
of partial isometries satisfying Definition \2.bY i)-f in) is a Cuntz-Krieger A- family 



Notation C.4. In this section, we make use of the following notation: 

• Given a set E C A, define 1(E) := Ui=i{ A (°> e i) : A e E,d(\)i > 0}- 

• Given E C A and \i G A, let Ext(>; E) := \J XeE {a : (a, (3) G A min (/j, A)}. 

• Given E C A, let L(E) := Y% =1 max AeB d(X),. 

Lemma C.5. Let (A, d) 6e a finitely aligned k-graph and let v G A . Suppose 
E C wA is finite and exhaustive, and let p G vA. TTiera Ext(/u; i?) is a finite 
exhaustive subset of s(/x)A. 

Proof. Since £7 is finite and A is finitely aligned we know that Ext(/i; E) is finite, 
so we need only check that Ext(/x; E) is exhaustive. Let a G s(/z)A. Since -E is 
exhaustive, there exists A G E with A mln (A,/w) ^ 0, say (a,[S) G A min (A, /jct). So 
Xa = pa(3, and hence 



Lemma C.6. Let (A, d) be a finitely aligned k-graph, let v G A , and suppose that 
E C vA \ {v} is finite and exhaustive. Then 1(E) is also finite and exhaustive. 

Proof. We have 1(E) is finite because E is finite, so we just need to show that 1(E) 
is exhaustive. Let p G vA. Since E is exhaustive, there exists A G E such that 
A min (A, p) ^ 0, say (a, (3) G A min (A, p). Since A G E, we have d(X) ^ 0, so fix i such 
that d(X)i ^ 0; then A(0,e ( ) G J(-E). Let p := (Aa)(0, d(ix) Ve. ( ), let 77 := p(e t ,d(p)), 
and let C := p(d(p) , d(p)) . Then A(0, 6^)77 = p = p(, so (77, C) e A min (A(0, e 4 ), //). 
Since /x G wA was arbitrary, it follows that L(E) is exhaustive. □ 

Lemma C.7. Let (A, d) be a finitely aligned k-graph, and let {t\ : X G A} be a 
family of partial isometries satisfying Definition \2.oY i)-fiii). Let v G A , let X G vA 
and suppose that E C s(A)A is finite and satisfies Y[ueE(ts(\) ~ t v t* v ) = 0- Then 




(a(0, (d(X) V d(p)) - d(X)), (a/3)(0, (d(X) V d(p)) - d(p))) e A min (A, p). 
Hence r :— (a[3)(0, (d(X) V d(p)) — d(p)) belongs to F,xt(pL] E) , and then 
((a[3)(d(a),d(a) V d(T)),(af3)(d(T),d(a) V d(r))) G A mi >,r) 



□ 




for all v £ E. It follows that 



(C.5) 



(t v — t\t x ) Y[ (tv — t\ v t* Xv ) — t v — t\t x . 
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On the other hand, 

(to - t\t* x ) ( JJ (t v - t\ v t* Xv 

= *f ( H (*« ~ t\vtxS) ~ t ^ t *X ( IT (*« _ *Av*Av 

= ( n & - «j) - ( n - *a^d) 
= ( n (*« - *A*tL)) - ( n - ^o) *x 

= XT ~ t ^ t *^) 

because FLeE ~ = b y hypothesis. □ 

Lemma C.8. Let (A, d) be a finitely aligned k-graph. Let v £ A and suppose 
E CvA is finite. Suppose A G /(£?). T/ien L(Ext(A; < L(£). 

Proof. Since A G 1(E), we have d(A) = and AA' G E for some i,A'. For j G 
{1, . . . , fc}, we have 

(C.6) max d(v)j = max ((d(A) V rf(u)) — e<),-. 

t/6Ext(A;.E) J M eB,A» i "(A, M )#0 J 

If i ^ j, then (|(J . 6|) becomes 

max dWj = max d(u)j < maxrf(/i),. 

yGExt(A;£) ^6S,A>»i"(A,/f)^0 

On the other hand, if i = j, then we use (IC.6(l to calculate 
max d(v)j = max ((d(A) V rf(u)) — e,), 

i/£Ext(A;.E) ^6£,A»*i(A,^)/0" 

< max((c?(A) V d(/Lt)) — ej), 
= (maxdf/ili) — 1 
since AA' E E so there exist n E E with G?(/i); > 1 

We therefore have 



L(Ext(A;£;)) = V max d(v)j 



i/GExt(A:.E) 
J = l 



< I N max G?(/i)j ) + ( max d(fx)i) — 1 

\ ■ uGE / uGE 

je{i,...,fe}\{i} 



3=1 ^ 



= L(E) □ 

Proof of Provosition \C.3[ We must show that for every v G A and every finite 
exhaustive i* 1 C uA, we have 

(c.7) n (*• - = °- 
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We proceed by induction on L(F). If L(F) = 1, then F C |J*=i wAe % and is 
an instance of l|C.4(l . 

Now suppose that (|C.7|I holds whenever L(F) < n, and fix v G A and F C wA 
finite exhaustive with L(F) = n + 1. If « G f, there is nothing to prove, so as- 
sume without loss of generality that v ^ F. Then 1(F) is finite and exhaustive 
by Lemma [C. 61 Fix A G /(F)- By Lemma IC.5I we know that Ext(A;F) is finite 
and exhaustive. By Lemma IC.8I we know that L(Ext(A; F)) < n, so the induc- 
tive hypothesis ensures that rLeExt(A-F)(^s(A) — = 0- It then follows from 
Lemma IC.7I that 

(C.8) Y\_ {tv — t\vt*\i,) = tv ~ t\t\- 

!/eExt(A;f ) 

For each v G Ext(A; F), there exists /i E F with A^ = [ifi 1 , so t\ v t* Xv < , and 
hence 

(c.9) n (*» - > n - w- 

i/£Ext(A;F) /iSF 

We can therefore calculate 

AiG-F A£I(F) ^eExt(A;F) 

= J] (*»-*>*a) by(Q- 

AG/ (F) 

= by □ 

Proof of Theorem \C.l[ The factorisation property and Definition 12 . 5f ii) show that 
any Cuntz-Krieger A-family {t' x : A G A} satisfying t' x — t\ for all A G ( Ui=i A6i ) U 
A must satisfy 

(C.10) t' x =tx ± t\ 2 ■■■t\ idW] 

for each A G A and each factorisation A = Ai • • • Aum where the Xi belong to 

(Uti Ae ") u A °- This 

proves that there is at most one such Cuntz-Krieger A- 

family. 

Suppose that such a Cuntz-Krieger A-family {t' x : A G A} exists. Then conditions 
(i)-(iv) of Thcorem lC.ll are immediate consequences of the Cuntz-Krieger relations. 

Now suppose that {t\ : X G (U=i A£s ) uA °l satisf y (i)-( iv ) of T heorem RTT1 
An inductive argument using condition (ii) of Theorem IC . 1 1 shows that (|C.10|I gives 
a well-defined family of partial isometries {t' x : A G A}. 

We have that {t' x : A G A} satisfies Definition I2.5IT ) because this is precisely 
condition (i) of Theorem lC.il Equation IjC.lOf) and the factorisation property for A 
ensure that {t' x : A G A} satisfies Definition 12. 5f ii1. Condition (iii) of Theorem lC.il 
and Lemma IC.2I then imply that {t' x : A G A} satisfies Definition I2.5f iii). We 
can now use Proposition IC.3I and condition (iv) of Theorem IC.ll to show that 
{t' x : X G A} satisfies Definition 12. 5f iv~). □ 
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